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)XOO\ UHVROYHG SDUWLFOHSDUWLFOH LQWHUDFWLRQ HYHQWV LQ WXUEXOHQFH DUH VWXGLHG XVLQJ KLJK ILGHOLW\ VLPXODWLRQ 7KH
FRQWLQXRXVSKDVHXVHVDVSHFWUDOHOHPHQWEDVHGGLUHFWQXPHULFDOVLPXODWLRQDQG WKHGLVFUHWHSKDVH LVPRGHOOHG
XVLQJWKH LPPHUVHGERXQGDU\PHWKRG7KHJKRVWFHOO WHFKQLTXH LVXVHGWRDFKLHYHSDUWLFOHIOXLGFRXSOLQJDQGWKH
PHWKRGLVYDOLGDWHGDJDLQVWHPSLULFDOO\GHWHUPLQHGGUDJFRHIILFLHQWVZLWKVWURQJDJUHHPHQWIRUKLJKUHVROXWLRQSDUWLFOH
PHVKHV7KH LQWHUDFWLRQV WDNHSODFH LQDQ LVRWURSLFER[RI WXUEXOHQFHDW5H\QROGVQXPEHU EDVHGRQ WKH7D\ORU
PLFURVFDOH ܴ ఒ݁ ൌ  ? ?7KLV YDOXH LV VHOHFWHG WR FORVHO\ UHVHPEOH WKRVH W\SLFDO RI WKH EXIIHU OD\HU LQ D WXUEXOHQWFKDQQHOIORZDWVKHDU5H\QROGVQXPEHU ܴ݁ఛ ൌ  ? ? ?3DUWLFXODWHSKDVHSURSHUWLHVDUHFKRVHQWRUHSUHVHQW  ? ? ? ߤ݉GLDPHWHUFDOFLWHSDUWLFOHVLQZDWHUEXWWKHFKHPLFDODQGG\QDPLFSURSHUWLHVRIERWKSKDVHVDUHYDULHGWRGHWHUPLQH
WKHH[WHQWRIEHKDYLRXUDOPRGLILFDWLRQWKURXJKDOWHUDWLRQRI WKHVHSDUDPHWHUV5HVXOWV LQGLFDWHWKDW WKHUHVWLWXWLRQ
FRHIILFLHQWKDVWKHJUHDWHVWHIIHFWRQFROOLVLRQG\QDPLFVZLWKDQLQFUHDVHOHDGLQJWRIHZHUSDUWLFOHDJJORPHUDWLRQV
5HGXFLQJWKH+DPDNHUFRQVWDQWKDVDOHVVHUHIIHFWRQWKHUHVXOWLQJLQWHUDFWLRQEXWGRHVORZHUWKHPHDQVSHHGRI
WKHSDUWLFOHVXQGHUJRLQJFROOLVLRQ7KHHOHFWULFGRXEOHOD\HUSRWHQWLDOKDVYHU\OLWWOHHIIHFWRQDQ\RIWKHDJJORPHUDWLRQ
G\QDPLFV VLQFH LWV VWUHQJWK DQG HIIHFWLYH UDQJH LV PXFK ORZHU WKDQ WKDW RI WKH YDQ GHU :DDOV FRPSRQHQW
6XJJHVWLRQVDUHRIIHUHGIRUEHKDYLRXUDOPRGLILFDWLRQWHFKQLTXHVEDVHGRQWKHSUHVHQWUHVXOWV 
 
,QWURGXFWLRQ 
3DUWLFOHODGHQWXUEXOHQWIORZVDUHSUHYDOHQWLQPDQ\
QDWXUDO DQG LQGXVWULDO HQYLURQPHQWV 7KH DELOLW\ WR
SUHGLFWFRPSOH[PXOWLSKDVHIORZVVXFKDVWLGDOFXUUHQWV
(Wang et al. 2010) OXQJ DLUZD\V Walters & Luke, 
2010) DQG OLTXLGIXHOHG FRPEXVWLRQ *RVPDQ 	
,RDQQLGHVUHO\KHDYLO\RQDQXQGHUVWDQGLQJRIWKH
IXQGDPHQWDOSDUWLFOHVFDOHG\QDPLFVDQGLQWHUDFWLRQV
7KHSUHVHQWZRUNLVRIUHOHYDQFHWRWKHQXFOHDULQGXVWU\
ZKHUH FXUUHQW UHDFWRU FRROLQJ DQG ZDVWH SURFHVVLQJ
V\VWHPV FRXOG EH LPSURYHG WKURXJK EHKDYLRXUDO
PRGLILFDWLRQWHFKQLTXHV7KHVHDLPWRLPSURYHWKHIORZ
FRQGLWLRQVE\FRQWUROOLQJWKHPHFKDQLFDODQGFKHPLFDO
SURSHUWLHV RI WKH V\VWHP WKURXJK LQMHFWHG DGGLWLYHV
VXFKDVSRO\PHUVGHQ7RRQGHUHWDOZKLFKFDQ
UHVXOWLQUHGXFHGRUHQKDQFHGDJJUHJDWLRQGHSHQGLQJ
RQ WKH GHVLUHG RXWFRPH )XUWKHUPRUH XQGHUVWDQGLQJ
EHKLQG DJJORPHUDWLRQ PHFKDQLVPV LQYROYHG LQ WKH
EXLOGXS RI &58' &KDON5LYHU XQLGHQWLILHG GHSRVLWV
RQ UHDFWRU IXHOSLQV 6KRUW HW DO  FDQ EH
GHYHORSHGE\VWXG\LQJVXFKPRGHOVSURYLGLQJDPHDQV
WRLPSURYHSHUIRUPDQFHDQGVDIHW\   
3UHFLVHO\PRGHOOLQJSDUWLFOH LQWHUDFWLRQVDWPLFURQ
VFDOHVKDVORQJEHHQFKDOOHQJLQJEXWUHFHQWDGYDQFHV
LQ FRPSXWDWLRQDO SRZHU QRZ DOORZ IRU UHDOLVWLF
VLPXODWLRQVDWLQFUHDVHGOHYHOVRIDFFXUDF\7KLVDOORZV
IRUWKHJHQHUDWLRQRIXQGHUVWDQGLQJRIPXOWLSKDVHIORZV
DWDPRUH IXQGDPHQWDO OHYHO KHQFH WKLVKDV EHHQ RI
JUHDW LQWHUHVW LQ WKH UHFHQW OLWHUDWXUH :KLOVW WKH
FRPELQDWLRQRIGLUHFWQXPHULFDOVLPXODWLRQ'16RIWKH
FRQWLQXRXV SKDVH ZLWK /DJUDQJLDQ SDUWLFOH WUDFNLQJ
/37 RI WKH GLVFUHWH SKDVH LV IUHTXHQWO\ XVHG WR
VLPXODWH VXFK V\VWHPV LQ WKLV DSSURDFK GHVSLWH DOO
UHOHYDQW OHQJWKVFDOHV EHLQJ UHVROYHG LQ WKH (XOHULDQ
SKDVHWKHSRLQWOLNHFRQVWUDLQWRQWKHSDUWLFXODWHSKDVH
PHDQV WKDW LQIRUPDWLRQ VXUURXQGLQJ WKH VPDOOVFDOH
IOXLGVWUXFWXUH LQWHUDFWLRQV LV ORVW 7R RYHUFRPH WKLV
KLJKHU ILGHOLW\ VLPXODWLRQV XVLQJ PRGHOV EDVHG RQ
HPSLULFDO REVHUYDWLRQVDUHXVHG WRSURYLGHTXDQWLWLHV
DVWKHGUDJDQGOLIWIRUFHFRHIILFLHQWVZKLFKHVWLPDWHWKH
ORFDO IOXLG IORZ ILHOG LQIOXHQFH RQ WKH SDUWLFOH 7KLV
DSSURDFKLVPRUHVXLWHGWRVWXG\LQJKXJHHQVHPEOHVRI
SDUWLFOHVሺ ௉ܰ  ? ? ?଺ሻǡ ZLWKLQ ZKLFK PHDQ TXDQWLWLHV FDQEHVWXGLHGWRXQGHUVWDQGPDFURVFRSLFEHKDYLRXU)RUD
PRUHIXQGDPHQWDODSSURDFKDQGWRIXOO\GHWHUPLQHWKH
G\QDPLFVRIVPDOOVFDOHPRWLRQDQGLQWHUDFWLRQZKLFK
XQGHUSLQ WKH ODUJH VFDOHV ZH PXVW IXOO\ UHVROYH WKH
IORZ ILHOG VXUURXQGLQJ WKH SDUWLFOHV 7KH DSSURDFKHV
ZKLFK DOORZ WKLV WR EH DFKLHYHG DUH UHIHUUHG WR
FRPPRQO\ DV LQWHUIDFH WUDFNLQJ WHFKQLTXHV 9DULRXV
VXFKFRPSXWDWLRQDOPHWKRGVDQGDOJRULWKPVKDYHEHHQ
GHYHORSHG RYHU WKH ODVW IHZ GHFDGHV 0DUN 	 YDQ
:DFKHP7VHQJ	)HU]LJHU3HVNLQ
+X  HDFK RI ZKLFK RIIHUV LWV RZQ WUDGHRII
EHWZHHQDFFXUDF\DQGFRPSXWDWLRQDOFRPSOH[LW\ 
7KLV ZRUN XVHV D JKRVWFHOO EDVHG LPPHUVHG
ERXQGDU\PHWKRG,%0FRXSOHGWRDVSHFWUDOHOHPHQW
PHWKRG 6(0EDVHG'16VROYHU WR IXOO\ UHVROYH WKH
IORZ DURXQG G\QDPLF SDUWLFOH PHVKHV 7KH DLP LV WR
VWXG\ WKH HIIHFW WKDW YDU\LQJ FHUWDLQ FKHPLFDO DQG
PHFKDQLFDO SURSHUWLHV KDV RQ WKH UHVXOWLQJ SDUWLFOH
LQWHUDFWLRQ G\QDPLFV 3DUWLFOH FROOLVLRQ HYHQWV DUH
PRGHOOHGDQGLQLWLDOL]HGEDVHGRQWKRVHPRVWIUHTXHQWO\
RFFXUULQJ LQ WKHEXIIHU OD\HURID ܴ݁ఛ ൌ  ? ? ? WXUEXOHQWFKDQQHOIORZ$'/92WKHRU\EDVHGSRWHQWLDOLVXVHGWR
GHWHUPLQH WKH SDUWLFOHSDUWLFOH LQWHUDFWLRQ IRUFHV DW
VKRUWUDQJHV%\DQDO\VLQJWKHUHVXOWLQJWUDMHFWRULHVDQG
G\QDPLF SURSHUWLHV RI WKHVH WZRSDUWLFOH V\VWHPV
XQGHUVWDQGLQJ FDQ EH GHYHORSHG RQ KRZ DQG XQGHU
ZKDW FRQGLWLRQV SDUWLFOH FROOLVLRQV RU DJJORPHUDWLRQV
RFFXUDWOHYHOVRIGHWDLOZKLFKJUHDWO\VXUSDVVWKRVHRI
/37EDVHG VWXGLHV 6XJJHVWLRQV DUH DOVR RIIHUHG IRU
UHDOLVWLFEHKDYLRXUDOPRGLILFDWLRQWHFKQLTXHVWKDWPLJKW
EHDSSOLHGLQSUDFWLFH 
1XPHULFDO0HWKRGV 
$ /LQHDUO\ IRUFHG KRPRJHQHRXV LVRWURSLF
WXUEXOHQFH 
7KH FRQWLQXRXV SKDVH G\QDPLFV DUH JRYHUQHG E\
WKH LQFRPSUHVVLEOH 1DYLHU6WRNHV HTXDWLRQV VROYHG
XVLQJWKHVSHFWUDOHOHPHQWPHWKRGEDVHG'16VROYHU
1HN)LVFKHUHWDO7KHIORZHTXDWLRQVDUH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+HUH ࢛ிሺ࢞ǡ ݐሻ LV WKH IOXLG YHORFLW\ YHFWRU DW SRVLWLRQYHFWRU ࢞ ݐ LV WKH WLPH ݌ LV WKH SUHVVXUH ߩி LV WKHFRQWLQXRXV SKDVH GHQVLW\ DQG ࣎ LV WKH GHYLDWRULF
VWUHVV WHQVRU IRUD1HZWRQLDQ IOXLG7KHDFFHOHUDWLRQࢌ௅ிLVDOLQHDUIRUFLQJVRXUFHWHUPGHWHUPLQHGVXFKWKDWWKH PHDQ DQG URRWPHDQVTXDUH RI WKH WXUEXOHQW
IOXFWXDWLRQV UHPDLQ VWDWLRQDU\ 7KH JHRPHWU\ IRU DOO
VLPXODWLRQV LV D FXEH RI OHQJWK  ?ߨ ZLWK SHULRGLF
ERXQGDU\FRQGLWLRQVDW േߨFRQVLVWLQJRI  ? ?ଷ VSHFWUDO
HOHPHQWVRIHTXDOVL]HDQGGLVWULEXWLRQ$VFKHPDWLFRI
WKHVHWXSLVSURYLGHGLQ)LJ7KHVROXWLRQSRO\QRPLDO
RUGHU IRU WKH 6(0 LV ܰ ൌ  ? $OO VLPXODWLRQV ZHUH
SHUIRUPHGRQFRPSXWHQRGHVXVLQJWKH$GYDQFHG
5HVHDUFK&RPSXWLQJ+3&VHUYLFHDWWKH8QLYHUVLW\RI
/HHGV 
7KH OLQHDU IRUFLQJ PHWKRG 5RVDOHV 	 0HQHYHDX
/XQGJUHQZDVXVHGWRGULYHWKHV\VWHPWR
LVRWURSLFKRPRJHQRXVWXUEXOHQFHDW5H\QROGVQXPEHU
EDVHG RQ WKH 7D\ORU PLFURVFDOH Ȝ ܴ ఒ݁ ൌ  ? ? ZKHUH  ܴ ఒ݁ ൌ  ۃݑ௥௠௦ԢۄߣȀߥி  +HUH ۃݑ௥௠௦Ԣۄ  LV WKHDYHUDJHGURRWPHDQVTXDUHYHORFLW\IOXFWXDWLRQDQG ߥிLV WKH NLQHPDWLF YLVFRVLW\ RI WKH IOXLG ,Q D WXUEXOHQW
FKDQQHO IORZ WKLV 5H\QROGV QXPEHU LV W\SLFDO RI WKDW
SUHVHQW ZLWKLQ WKH EXIIHU OD\HU UHJLRQ 3UHYLRXV ZRUN
KDV GHPRQVWUDWHG WKDW FROOLVLRQV DUH PRUH IUHTXHQW
ZLWKLQ WKLV UHJLRQ SDUWLFXODUO\ IRU ODUJH VROLGIOXLG
GHQVLW\UDWLRVRULQHUWLDOSDUWLFOHV0RUWLPHUHWDO  
7KH OLQHDU IRUFH SHU XQLW PDVV WHUP LV JLYHQ
E\  ࢌ௅ி ൌ ܣ࢛ி ZKHUH ܣ LV D VSHFLILHG SDUDPHWHUUHODWLQJWRDQHGG\WXUQRYHUWLPHVFDOH7XQLQJRIWKLV
SDUDPHWHU DOORZV RQH WR REWDLQ D GHVLUHG WXUEXOHQFH
OHYHO7KHIOXLGSKDVHSDUDPHWHUVXVHGDUHSUHVHQWHG
LQ7DEOH 
 
)LJXUH  6FKHPDWLF RI SDUWLFOHSDUWLFOH LQWHUDFWLRQ
HYHQW RFFXUULQJ LQ KRPRJHQHRXV LVRWURSLF ER[ RI
SHULRGLFWXUEXOHQFH 
 
7DEOH'16SDUDPHWHUVIRUSHULRGLFFXEHRIOLQHDUO\
IRUFHGKRPRJHQHRXVLVRWURSLFWXUEXOHQFH ܴ ఒ݁  ாܰ  ? ?ଷ ܣ  ȟݐ  ? ൈ ? ?ିଷ ߩி  ߥி ൈ  ? ?ିଷ 
 
%*KRVWFHOOEDVHGLPPHUVHGERXQGDU\PHWKRG 
A computational icosphere mesh is used to 
represent each particle, which is stored in the face-
vertex representation and consists of 320 faces. An 
example of this is presented in Fig. 2. Each face has an 
associated centroid position and velocity (where the 
velocity is derived from the global particle angular 
velocity).  
 
)LJXUH&RPSXWDWLRQDO LFRVSKHUHPHVKPDGHXSRI
 IDFHV UHSUHVHQWLQJ LPPHUVHG ERXQGDU\ IRU
VSKHULFDOSDUWLFOH 
 
The immersed boundary (IB) condition is a Dirichlet 
condition such that ࢛ி ൌ ࢛௉ ൅ ࣓௉ ൈ ࢘௙ on each 
particle face, ݂ . Here, ࢛௉ǡ௙  is the particle linear 
velocity, ࣓௉ is the particle angular velocity and ࢘ி is 
the position vector from the centre of the particle to the 
centroid of face F (Peskin, 2002). 
7RHQVXUH WKH ,%FRQGLWLRQ LVPHWDVHFRQGRUGHU
DFFXUDWH JKRVW FHOO PHWKRG LV XVHG (YHU\ WLPHVWHS
HDFK FHOO LQ WKH GRPDLQ IRUPHG E\ WKH ELVHFWRUV
EHWZHHQ WZR QHLJKERXULQJ *DXVV/REDWWR/HJHQGUH
*// SRLQWV ZKLFK DUH WKH IOXLG LQWHUSRODWLRQ SRLQWV
DVVRFLDWHGZLWKWKH6(0LVLGHQWLILHGDVH[WHUQDOIOXLG
DQLQWHUQDOJKRVWFHOORULQWHUQDOILFWLWLRXVIOXLG$JKRVW
FHOO LVGHILQHGVXFKWKDW WKH,% LQWHUVHFWVWKHFHOODQG
FRQWDLQV WKH FHOO PLGSRLQW ,QWHUQDO DQG H[WHUQDO IOXLG
FHOOV DUH WKRVH HLWKHU LQVLGH RU RXWVLGH WKH ,%
UHVSHFWLYHO\7KLVLVLOOXVWUDWHGLQ)LJ7KHYHORFLWLHV
DW WKHJKRVWFHOOVDUHPDLQWDLQHGHDFK WLPHVWHSVXFK
WKDW WKURXJK WULOLQHDU LQWHUSRODWLRQ DFURVV WKH WKUHH
FORVHVW QHLJKERXULQJ FHOOV WKH IOXLG YHORFLW\ RQ WKH
ERXQGDU\LVH[DFWO\WKHORFDOIDFHYHORFLW\ 
 
 
)LJXUH&RPSXWDWLRQDOGRPDLQVFKHPDWLFFRQWDLQLQJ
DQLPPHUVHGERXQGDU\'RWWHGOLQHVPHHWDW*//SRLQWV
:KLWHFHOOVUHSUHVHQWH[WHUQDOIOXLGGRPDLQZKLOVWOLJKW
JUH\ FHOOV DUH LQWHULRU SRLQWV 5HPDLQLQJ JUH\ FHOOV
LGHQWLILHGE\µ*¶UHSUHVHQWWKHJKRVWFHOOGRPDLQ 
 
To advect and rotate the particle, pressure and 
viscous surface forces and torques are calculated using 
the local fluid pressure and viscous stress tensor. The 
equation for the hydrodynamic force exerted on face ݆, ܨ௝, is: 
 ܨ௝ ൌ  ෍ ቌെܲ௙ߜ௜௝ᇣᇧᇤᇧᇥ௉௥௘௦௦௨௥௘ ൅ ߬௜௝௙ด௏௜௦௖௢௨௦ቍ ௝݊௙݀ܵ௙
ே೑
௙ୀଵ Ǥ  
 
Here, ܨ is the total translational force on the particle, ݂ refers to the current face in the summation, with ௙ܰ 
being the total number of faces in the particle mesh, ܲ 
is the pressure interpolated at the face centroid, ߬ is 
the viscous stress tensor, ݊ is a unit vector normal to 
the face, and ݀ܵ  is the surface area of the face. A 
similar equation is used to calculate the viscous 
contributions to torque in the off-normal directions, 
used to update the angular velocity of the particle. 
Particle orientation is tracked using the quaternion 
formulation. Each timestep the quaternion vector ࡽ ൌሺݍ଴ǡ ݍଵǡ ݍଶǡ ݍଷሻǡ and the angular velocity vector (in the 
particle co-moving reference frame) ࣓௉ ൌ൫߱௫ᇲ ǡ ߱௬ᇲ  ǡ ߱௭ᇲ൯ǡ  are also tracked. The time-varying 
quaternion vector differential equation is: 
 
݀ࡽ݀ݐ ൌ
ۉۈۈ
ۈۈۈۇ
݀ݍ଴݀ݐ݀ݍଵ݀ݐ݀ݍଶ݀ݐ݀ݍଷ݀ݐ یۋ
ۋۋۋۋ
ۊ ൌ ൮ݍ଴ െݍଵ െݍଶ െݍଷݍଵ ݍ଴ െݍଷ ݍଶݍଶ ݍଷ ݍ଴ െݍଵݍଷ െݍଶ ݍଵ ݍ଴ ൲ ൮
 ?߱௫ᇱ߱௬ᇱ߱௭ᇱ൲ǡ  
 
and the corresponding Eulerian torque equation is 
given by: 
 ܫ ࣓݀݀ݐ ൌ ࢀ௩௜௦௖ ǡ  
 
ZKHUH ܫ UHSUHVHQWV WKH PRPHQW RI LQHUWLD RI WKH
URWDWLQJSDUWLFOHDQG ࢀ௩௜௦௖ ൌ  ? ࢘௝ ൈ ࡲ௝࢐  UHSUHVHQWV WKH
WRWDO RIIQRUPDO WRUTXH FRQWULEXWLRQ IURP WKH YLVFRXV
IRUFH FDOFXODWLRQ )RU VSKHUHV ܫ ൌ ܫ௦௣௛௘௥௘ ൌ ଵଵ଴ ݉௣݀௣ଶZKHUH ݉௣ LV WKH PDVV RI WKH SDUWLFOH DQG ݀௣ LV WKH
VSKHUHGLDPHWHU'XHWRIORDWLQJSRLQWSUHFLVLRQHUURUV
LQKHUHQW LQSHUIRUPLQJFDOFXODWLRQVXVLQJTXDWHUQLRQV
DW WKHHQGRIHDFK WLPHVWHS WKHTXDWHUQLRQYHFWRU LV
QRUPDOL]HG 
 
&3DUWLFOHSDUWLFOHLQWHUDFWLRQ 
&ROOLVLRQV DUH SHUIRUPHG XVLQJ WKH LQHODVWLF KDUG
VSKHUH DSSURDFK ZLWK YDU\LQJ QRUPDO FRHIILFLHQWV RI
UHVWLWXWLRQ ݁௡ $IWHU DGYHFWLRQ DOO SDUWLFOH SDLUV DUHFKHFNHG IRU D SRWHQWLDO FROOLVLRQ HYHQW 7KH VROH
FRQGLWLRQIRUFROOLVLRQLVWKDWWKHLULQWHUVXUIDFLDOGLVWDQFHܪ௞௟ LV OHVV WKDQ]HUR'XULQJ WKH WLPHVWHSZKLFK WKLVRFFXUV WKH SDUWLFOHV FROOLGH LQHODVWLFDOO\ DQG WKHLU
UHVXOWLQJ OLQHDU YHORFLWLHV ሺ࢛Ԣ௉ǡଵǡ ࢛Ԣ௉ǡଶሻ DQG SRVLWLRQV
࢞Ԣ௉ǡଵǡ ࢞Ԣ௉ǡଶሻ DUHHYDOXDWHGDV 
 
 ࢛ᇱ௉ǡଵ ൌ ࢛௉ǡଵ ൅ ݉௉ǡଶ݉௉ǡଵ ൅ ݉௉ǡଶ ሺ ? ൅ ሻ݁ ቀ൫࢛௉ǡଶ െ ࢛௉ǡଵ൯ ڄ ࢔ෝቁ ࢔ෝǡ 
 
 ࢛ᇱ௉ǡଶ ൌ ࢛௉ǡଶ ൅ ݉௉ǡଵ݉௉ǡଵ ൅ ݉௉ǡଶ ሺ ? ൅ ௡݁ሻ ቀ൫࢛௉ǡଶ െ ࢛௉ǡଵ൯ڄ ࢔ෝቁ ࢔ෝǡ 
 
 ࢞Ԣ௉ǡଵ ൌ ࢞௉ǡଵ ൅ ݐ௖௢௟࢛௉ǡଵᇱ ǡ  
 ࢞Ԣ௉ǡଶ ൌ ࢞௉ǡଶ ൅ ݐ௖௢௟࢛௉ǡଶᇱ Ǥ  
 
,QWHUVXUIDFHVSKHUHVSKHUH'/92IRUFHVDUHFDOFXODWHG
WR DFFRXQW IRU YDQ GHU :DDOV DWWUDFWLRQ DQG HOHFWULF
GRXEOH OD\HU UHSXOVLRQ 'HUMDJXLQ 	 /DQGDX 
9HUZH\ 	 2YHUEHHN  7KH HTXDWLRQ IRU WKH
DWWUDFWLRQRUUHSXOVLRQFDXVHGE\DVSKHULFDOSDUWLFOH ݇
RQVSKHULFDOSDUWLFOH ݈LVDVIROORZV 
 
 ࡲ௞௟்ை்஺௅ ൌ  ࡲ௞௟௏஽௏ ൅ ࡲ௞௟ா஽௅ Ǥ  
ZKHUH ࡲ௞௟௏஽௏ LV WKHYDQGHU:DDOVDWWUDFWLYH WHUPDQGࡲ௞௟ா஽௅ LVWKHHOHFWULFGRXEOHOD\HUWHUP  7KH YDQ GHU :DDOV WHUP ZKLFK LV RI JUHDW
LPSRUWDQFH LQ FROORLGDO FKHPLVWU\ DULVHV GXH WR WKH
HOHFWURVWDWLF DWWUDFWLRQ LQGXFHG E\ /RQGRQ GLVSHUVLRQ
IRUFHV 6WHQKDPPDUHWDO 7KHHOHFWULFGRXEOH
OD\HUWHUPDULVHVGXHWRDQLQWHUIDFLDOSDLURILRQOD\HUV
WKHILUVWRIZKLFKVFUHHQVWKHVHFRQGZKLFKDUHIRUPHG
RQDQREMHFWZKHQH[SRVHGWRIOXLG7KHVXUIDFHFKDUJH
SRWHQWLDOLVKHQFHUHGXFHGDVRQHPRYHVDZD\IURPWKH
VXUIDFH7KHVHWZRIRUFHVDUHJLYHQDV 
 
 ࡲ௞௟௏஽௏ ൌ െܣݎ௉࢔ෝ ? ?ܪ௞௟ଶ ǡ  
 ࡲ௞௟ா஽௅ ൌ  ? ?ߨݎ௉݊݇஻ ிܶȣଶ݁ି఑ுೖ೗ߢ ࢔ෝǤ  
 
In the above equations, ܣ is the Hamaker constant, ݎ௉ 
is the particle radius, ܪ௞௟ is the inter-surface distance, ݊  is the number density of electrolyte ions, ݇஻  is %ROW]PDQQ¶VFRQVWDQW ிܶ is the fluid temperature, ȣ is 
the reduced surface potential and ߢ  is the inverse 
Debye length. Note that both of these forces are zero 
when the intersurfacial distance is less than zero. 
Finally, ࢔ෝ is a unit vector pointing from particle ݇ to 
particle ݈. 
5HVXOWVDQG'LVFXVVLRQ 
$,%0YDOLGDWLRQ 
7R HVWDEOLVK WKH YDOLGLW\ RI WKH SUHVHQW LPPHUVHG
ERXQGDU\ PHWKRG YDULRXV VLPXODWLRQV RI LPPHUVHG
VWDWLRQDU\ VSKHUHV DW GLIIHUHQW SDUWLFOH 5H\QROGV
QXPEHUVZHUHSHUIRUPHG WRFRPSDUHFDOFXODWHGGUDJ
FRHIILFLHQWV ZLWK WKRVH REWDLQHG E\ HPSLULFDO
LQYHVWLJDWLRQV  
7KLVYDOLGDWLRQLVVLPLODUWRWKDWFDUULHGRXWE\0DUN
	YDQ:DFKHPKRZHYHULWVKRXOGEHQRWHGWKDW
LQ WKH FDVH RI WKH SUHVHQW ZRUN D PXFK VPDOOHU
HTXLYDOHQWJULGVSDFLQJZDVHPSOR\HG,Q WKHSUHVHQW
FDVHWKHPHVKXVHGWRSUHGLFWLVRWURSLFWXUEXOHQFHLQ
WKH SUHYLRXV VXEVHFWLRQ ZDV HPSOR\HG ZKLOVW WKH
SK\VLFDOOHQJWKRIWKHER[UHODWLYHWRWKHSDUWLFOHZDV
PRGLILHGLQHDFKFDVHWRHQVXUHWKHFHOOVSDFLQJVZHUH
VXIILFLHQW WR UHVROYH WKH IORZ DURXQG WKH VSKHUH
SDUWLFXODUO\IRULQFUHDVHGSDUWLFOH5H\QROGVQXPEHUV  
,QHDFKFDVHWKHVSKHUHGLDPHWHUZDVIL[HGDW ݀௉ ൌ ?Ǥ ? ߤ ݉ ZKLOVW WKH JHRPHWU\ OHQJWK YDULHG EHWZHHQ  ?
DQG  ? ? ߤ݉7KH GHQVLW\ RI WKH IOXLG ZDV  ?Ǥ ?݇ ݃݉ିଷ
DQG WKH NLQHPDWLF YLVFRVLW\ ZDV  ?Ǥ ?ܰ ݏ݉ିଶ 7KH
ERXQGDU\FRQGLWLRQVZHUHVHWVXFKWKDWDOOERXQGDULHV
RIWKHER[DVLGHIURPWKHRXWOHWZHUHJLYHQDSDUWLFXODU
YHORFLW\ ݑஶZKLFK ZDV YDULHG WR REWDLQ GLIIHUHQW5H\QROGV QXPEHUV 7KH RXWOHW XVHG D 1HXPDQQ
ERXQGDU\ FRQGLWLRQ ZLWK ]HUR IOXLG SUHVVXUH
6LPXODWLRQV ZHUH SHUIRUPHG XVLQJ WKUHH LFRVSKHUH
VXEGLYLVLRQOHYHOVLQRUGHUWRGHWHUPLQHWKHHIIHFWRIWKLV
RQWKHDFFXUDF\RIWKHSUHGLFWHGGUDJFRHIILFLHQW7KHVH
VXEGLYLVLRQV FRUUHVSRQGHG WR ிܰ ൌ  ? ?ǡ  ? ? DQG  ? ? ?ZKHUH ிܰ LVWKHQXPEHURIWULDQJXODUIDFHVZLWKLQWKH
,%PHVK 
)L[LQJ WKH VSKHUHV LQ SODFH WKH VLPXODWLRQV ZHUH
DOORZHG WR UXQ XQWLO WKH SUHVVXUH DQG YLVFRXV IRUFHV
ZHUHVWDWLVWLFDOO\VWDWLRQDU\7KHVHZHUH WKHQXVHG WR
JHQHUDWHDGUDJIRUFHXVLQJWKHIROORZLQJHTXDWLRQ 
 ࡲ஽ ൌ ࡲ௩௜௦௖௢௨௦ ൅ ࡲ௣௥௘௦௦௨௥௘ Ǥ  
 
8SRQ REWDLQLQJ WKH GUDJ IRUFH WKH GUDJ FRHIILFLHQW
FRXOGEHFDOFXODWHGXVLQJWKHHTXDWLRQ 
 
 ܥ஽ ൌ  ?ߩிݑஶଶ ߨݎ௉ଶ ȁࡲ஽ȁǡ   
 
ZKLFK LV FRPSDUHG EHORZ DJDLQVW WKH SURSRVHG
UHODWLRQVEDVHGRQHPSLULFDOREVHUYDWLRQV6WRNHV
6FKLOOHU 
 
 ܥ஽ ൌ ቐ  ? ?Ȁܴ݁௉  ? ൏ ܴ ௉݁ ൑  ?Ǥ ? ? ?ܴ݁௉ ሺ ? ൅  ?Ǥ ? ?ܴ ݁௉଴Ǥ଺଼଻ሻ  ?Ǥ ? ൏ ܴ௉݁ ൑  ? ? ? ?ǡ   
 
ZLWKWKHSDUWLFOH5H\QROGVQXPEHU ܴ݁௉ JLYHQE\ 
 
 ܴ݁௉ ൌ ݑஶ݀௣ߥ௙ Ǥ  
 
7KHUHVXOWVRIWKHVHVLPXODWLRQVDUHSUHVHQWHGLQ)LJ
7KURXJKRXWWKHORZHVWVXEGLYLVLRQOHYHOSDUWLFOHVKDYH
WKHLUGUDJFRHIILFLHQWVVHYHUHO\XQGHUSUHGLFWHG7KLVLV
OLNHO\GXHWRWKHUHVROXWLRQRIWKHPHVKDQGLWVODFNRI
UHVHPEODQFH WR D VPRRWK VSKHUH ZKLFK ZH DUH
FRPSDULQJDJDLQVWLQWKHHTXDWLRQIRUGUDJFRHIILFLHQW
'XH WR WKH LQFUHDVH LQ UHIHUHQFH DUHD WKHVH
XQGHUSUHGLFWLRQV DUH WR EH H[SHFWHG $V WKH
VXEGLYLVLRQV LQ WKHPHVKDUH LQFUHDVHG KRZHYHUZH
REWDLQEHWWHUDFFXUDF\ZKHQFRPSDUHGWRWKHHPSLULFDO
FRUUHODWLRQV SDUWLFXODUO\ DW ORZHU SDUWLFOH 5H\QROGV
QXPEHUV 
 )LJXUH6LPXODWHGGUDJFRHIILFLHQWIRULFRVSKHUH
IDFHVXEGLYLVLRQ ிܰ ൌ  ? ?  ிܰ ൌ  ? ? ൈDQG ிܰ ൌ ? ? ? ྅ሻ FRPSDUHGDJDLQVWHPSLULFDOYDOXHVVROLG
OLQH 
 
,W LV VXJJHVWHG 0DUN 	 YDQ :DFKHP  WKDW
GHYLDWLRQVDWKLJKHU5H\QROGVQXPEHUVFRXOGEHGXHWR
WKH SDUWLFOH WR GRPDLQ VL]H UDWLR DQG IXUWKHU VWXGLHV
VKRXOGEHFDUULHGRXW VKRXOG WKLVPHWKRGEHXVHG WR
SUHGLFW WKH PRWLRQ RI SDUWLFOHV DW YHU\ KLJK 5H\QROGV
QXPEHUV,QSUHYLRXVFKDQQHOVWXGLHV5RXVRQ	(DWRQ
LWZDVREVHUYHGWKDWSDUWLFOH5H\QROGVQXPEHUV
DUHVXFK WKDW ܴ݁௉ ൏  ? ? LQDOO UHJLRQVRI WKHIORZDQGVRWKHFXUUHQWYDOLGDWLRQLVVXIILFLHQWWRYHULI\WKHFRUUHFW
FDOFXODWLRQRIWKHGUDJFRHIILFLHQWIRUWKHW\SHRIPRWLRQ
RILQWHUHVWLQWKHSUHVHQWZRUN 
 
%%HKDYLRXUDOPRGLILFDWLRQ 
(DFK VLPXODWLRQ ZDV LQLWLDOL]HG ZLWK WKH SDUWLFOHV
VHSDUDWHGDQGJLYHQDYHORFLW\HTXLYDOHQW WRDW\SLFDO
SUHFROOLVLRQHYHQWLQWKHEXIIHUOD\HURIWKHFKDQQHOIORZ
REWDLQHG LQ SUHYLRXV ZRUN 0RUWLPHU HW DO 
6WDWLVWLFV ZHUH JDWKHUHG RYHU  LQVWDQFHV RI RQH
W\SLFDO LQWHUDFWLRQ VHWXS ZLWK UDQGRP LQMHFWLRQ
ORFDWLRQV ZLWKLQ WKH LVRWURSLF WXUEXOHQFH 7KHVH ZHUH
UXQ IRU  QRQGLPHQVLRQDO WLPH XQLWV 6LPXODWLRQ
SDUDPHWHUVDUHSUHVHQWHGLQ7DEOHZKHUH ݁௡ LVWKHQRUPDO FRHIILFLHQW RI UHVWLWXWLRQ ܣ  WKH +DPDNHU
FRQVWDQW DQG ȣ WKH HOHFWULF GRXEOH OD\HU UHGXFHG
VXUIDFH SRWHQWLDO 6LPXODWLRQ  UHSUHVHQWV µW\SLFDO¶
SDUDPHWHUVZKLOVWDQGDUHYDU\LQJ ݁ ܣ DQG ȣ
UHVSHFWLYHO\7KH µW\SLFDO¶ SDUDPHWHUVZHUHFKRVHQ WR
PDWFKFDOFLWHSDUWLFOHV LQZDWHUZKLFK LVDFRPPRQO\
XVHGVLPXODQWLQWKHQXFOHDULQGXVWU\  
 
7DEOH6LPXODWLRQPHFKDQLFDODQGFKHPLFDO
SURSHUWLHV 
581  D E D E D E ݁௡        ܣ]-        ȣ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        
 
)LJXUH  LOOXVWUDWHV D W\SLFDO HYHQW ZKHUH WZR
SDUWLFOHV PHHW ZLWK WKH VXUURXQGLQJ WXUEXOHQFH ILHOG
UHDFWLQJ WR WKHSUHVHQFHRI WKHSDUWLFOHVDQGDOVR WKH
FROOLVLRQ1RWHWKDW WKHVOLFH LV WKURXJKWKHSDUWLFOHRQ
WKH ULJKW LQGLFDWHGE\ WKH ORFDO YHORFLW\PDWFKLQJ WKH
YHORFLW\RIWKHSDUWLFOHDVSHUWKH,%FRQGLWLRQ 
 
 
 
)LJXUH7\SLFDOELQDU\SDUWLFOHLQWHUDFWLRQHYHQWZLWK
SVHXGRFRORXU WR UHSUHVHQW IOXLG YHORFLW\ PDJQLWXGHV
SORWWHGDORQJVLGHIOXLGYHORFLW\YHFWRUV 
 
)LJXUH  LQGLFDWHV WKH VHQVLWLYLW\ WR WKH UHVWLWXWLRQ
FRHIILFLHQW E\ FRQVLGHULQJ WKH PHDQ UHODWLYH
GLVSODFHPHQWDQGPHDQUHODWLYHYHORFLW\VDPSOHGRYHU
 LQVWDQFHV 6HSDUDWLRQVሺ݀ݔሻDUH QRUPDOL]HG E\ WKH
SDUWLFOHUDGLXV&OHDUO\WKLVSURSHUW\KDVDVWURQJHIIHFW
RQ FROOLVLRQ G\QDPLFV $ KLJK ݁௡  means that the 
particles spend much less time in close proximity to 
each other, which is a result of their retention of kinetic 
energy allowing them to overcome the van der Waals 
attraction, and return back to a region where turbulence 
dominates. The plot of relative velocity magnitude 
indicates a larger spread in velocities for increased ݁௡, 
which suggests a greater variety of events where 
particles frequently change their velocity. Certain 
procedures can modify this parameter such as coating 
the particles with viscous films (Gollwitzer et al. 2012).  
 )LJXUH PDFs of relative displacement (upper) and 
relative velocity (lower) for ݁ ൌ  ?Ǥ ? (solid), ݁ ൌ  ?Ǥ ? 
(dashed) and ݁ ൌ  ?Ǥ ? (dotted). 
 
7KH +DPDNHU FRQVWDQW GLUHFWO\ PRGXODWHV WKH
DWWUDFWLRQWHUPLQWKH'/92SRWHQWLDOHTXDWLRQDQGDV
VXFK VKRXOG LW ZRXOG EH H[SHFWHG JRYHUQ WKH
DJJORPHUDWLRQUDWH,Q)LJZHREVHUYHWKDWDFWXDOO\
WKH+DPDNHUFRQVWDQWKDVOLWWOHHIIHFWRQWKHUHVXOWLQJ
SUREDELOLW\ GHQVLW\ IXQFWLRQ 3') RI WKH UHODWLYH
GLVSODFHPHQW7KLVLPSOLHVWKDWIRUWKHUDQJHRIYDOXHV
VWXGLHG WKH DPRXQW RI WLPH SDUWLFOHV VSHQG FORVH WR
HDFK RWKHU LV LQGHSHQGHQW RI WKH VWUHQJWK RI WKH
DWWUDFWLRQ $Q H[SODQDWLRQ IRU WKLV LV OLNHO\ WKDW WKH
SDUWLFOHV DUH XQGHUJRLQJ QHDUKLWV EXW WKHQ WUDYHOOLQJ
SDVWHDFKRWKHUDQGEHLQJFDUULHGDZD\E\WXUEXOHQFH
RQFH WKH\RYHUVKRRW WKHDWWUDFWLYHUHJLRQ7KLVZRXOG
PDNH WKHDJJORPHUDWLRQPHFKDQLVP OHVVVHQVLWLYH WR
WKH+DPDNHUFRQVWDQWVLQFHWKHDJJORPHUDWLRQZRXOG
RQO\GHSHQGRQWKHYHORFLW\YHFWRUVRIWKHSDUWLFOHVDW
WKHVWDUWRIWKHLQWHUDFWLRQHYHQW 
7KHDERYHH[SODQDWLRQ LV UHLQIRUFHGE\ WKHSORWRI
UHODWLYH YHORFLW\ 'HVSLWH WKH SDUWLFOHV QRW VSHQGLQJ
GLIIHUHQWDPRXQWVRIWLPHFORVHWRHDFKRWKHUWKH\GLIIHU
TXLWH H[WHQVLYHO\ LQ YHORFLW\ ZLWK KLJK +DPDNHU
FRQVWDQWVPHDQLQJWKHSDUWLFOHVWUDYHOIDVWHUDQGDWD
JUHDWHU UDQJHRIVSHHGV ,I WKHSDUWLFOHVDUHVKRRWLQJ
SDVWHDFKRWKHUWKHQWKLVZRXOGEHWKHFDVHVLQFHWKH
DFFHOHUDWLRQ DQG VXEVHTXHQWO\ UDQJH RI YHORFLWLHV
ZRXOGGHSHQGSULPDULO\RQWKHDWWUDFWLRQVWUHQJWK7KLV
EHKDYLRXU LPSOLHV WKDW LQ KLJK FRQFHQWUDWLRQ IOXLG
SDUWLFOHGLVSHUVLRQVWKH+DPDNHUFRQVWDQWZRXOGDOVR
KDYHDQHIIHFWRQGHFRXSOLQJWKHSDUWLFOHVIURPWKHORFDO
IORZYHORFLWLHVSDUWLFXODUO\IRULQHUWLDOSDUWLFOHV)RUORZ
6WRNHV QXPEHU SDUWLFOHV RU WUDFHUV WKH IRUFHV PD\
FDXVH DGGLWLRQDO FROOLVLRQV VLQFH WKH DWWUDFWLYH IRUFHV
FRXOGFDXVHSDUWLFOHPRWLRQ WRGHYLDWHDZD\ IURPWKH
IOXLG IORZ VWUHDPOLQHV ZKLFK FRXOG OHDG WR LQFUHDVHG
DJJORPHUDWLRQUDWHVSDUWLFXODUO\LQWKHEXONIORZUHJLRQ 
 )LJXUH  PDFs of relative displacement (upper) and 
relative velocity (lower) for ܣ ൌ  ? ?Ǥ ? ? ݖܬ  (solid), ܣ ൌ ? ?Ǥ ?ݖܬ (dashed) and ܣ ൌ  ? ?Ǥ ? ? ݖܬ (dotted). 
,QSUDFWLFHWKH+DPDNHUFRQVWDQWKDVEHHQVKRZQ
WR EH DGMXVWDEOH E\ DGGLQJ VDOW WR WKH IOXLG
6KDKLG]DGHK HW DO  DQG KDV DOVR EHHQ
GHPRQVWUDWHG WR EH WHPSHUDWXUH GHSHQGHQW
%HUJVWU|P%\WXQLQJWKLVSDUDPHWHURQHKDV
FRQWURORYHUGLVSHUVLRQFROOLVLRQUDWHDQGDJJUHJDWLRQ
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